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Quantization on Symplесtiс Symmеtriс Spaсеs
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Symplесtiс syrnmеtтiс mani{olds GlH with G simplе arе dividеd into fouт сlassеs

[17]: (a) ЕIеrmitian symmеtтiс spaсеS; (Ь) sеmi.Kihlегian irrеduсiЬlе symmеtriс spaсеS:

(с) para-Hеrmitian symmеtriс spaсes of the first сatеgory; (d) paгa-Hеrmitian symmеtriс

Spaсes оf thе sесond сatеgoгy. Thе spaсes of thе thrее lattег сlassеs arе not Riеmannian.

and еaсh has a Riеmannian form Ьеlonging to thе сlass of Hеrmitian symmеtriс SрaсеS.

Bеrеzin сonstruсtеd quairtization on spaсеS ot сlass (a). Wе would like to оutlinе а,

рIogIam foг a quantization in thе spirit of Bеrеzin for other сiassеs of symplесtiс tlomoge-

nсolls manifоlds. In thеsе lесtuтеs rvе rеstriсt oursеlvеs to сlass (с). Thе loсal сlassifiсation

of spaсеs of сlass (с) is givеn in $3.
1.1rеrе is arl inspir ing anaiogy Ьеtwееn (a) and (с), rvhiсh starts at thе сooгdinatе lеr,,еl:

z'2 +---'.--+ (.17. sсс $l}, arrс1 сontinttt ' .s orr thе 1еl,е1 of foгtrrulaе atrd so ott. ott t lrс ot}rt 'r. lt iurd.

it is r,vеll.known7 that thе passagе fгom thе Riеmannian сasе to thе non.Riеmarrtrian olrе

dгastiсal i1, inсrеasеs thе diff iсult iеs. So, in this t l iеоrу thеrе arе sti l l  man\' intсгеsting

opеn pтoЬlеms.

$1.  Quant izat ions оn thе p lane

Fiгst wе ha.,.е сlassiсal гnссhaniсs. Lеt us сonsidеr a partiсlе with otlе dеgгее оf frеe-

d.om, say, a linеar osсilator wit}r thе сoordinatе q and the impulsе p. Thеn the еnегgу- is

H : (\l2)p2 + q2,To pass to quairtum mесhaniсs wе replaсе funсtions by opеrators:

Thеsе оpеratoгs aсt irr , ,(к). Thсn thе еnегgy ff goеs tо t irе Hamiltonian

f . :Ц ,  
^  h2d2'2-+n':-;fu*n'

lтt a gспс:ral sеrtsс, qtralrt izat ion is thс рaSSa8с fгt- l ln funсt iоlrs to opсгаtors. Rеtuгning tс l

оur. part iс1е, rvе сolnе aсrosS t irе ргoЬlсп. i  :  rvh;rt оpегatоr lras to Ье assignсd to a fulrсt io lr

П l o г е сo rnp l i с a t еd t } r an  P ,Q , I I , { о г ехamp l е , P с1 , P2ЧЗ  е t с . ?  Thсpo i n t i s t ha t t hеopс гa t o r s

p anсl Q do r lot соmmutе: W,Q]: h/ i '  rr .hi lе t l rе f i lnсt ions p and q do it .  T}r is prоЬlеm

саn bе solvесl in diffеrеnt rva5ls. Еirst lеt us сonsidег qp-quantization. In any monоmizr]

"  hd
p ---+ p: . i -Г ,  q -)  q :  q

z a q
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wе wIitе q ̂ from
A(q,p) -.+ А foт
А(p, q)^is сal lеd
givеn А. Dеnotе

Thеn

lеft of p and thеn wе put the huts. Wе oЬtain thе сorтеspondеnсе

polynomials' and wе сan еxtеnd it on aтЬitrary funсtions. Thе funсtion
.qpjsуmЬol 

of thе operatoг А. Thеге is a simplе way to find ,4(p, q) for

Ф,(q) : Ф(q, ,1 : "'rffn

I  l  '  д о , ( n )
А | o .D | :  - - - - . - 1 _ т

Фo(q )

an opетatо. А i. ехprеssеd iIt tеrm of its gp.symbol asThеrefoте thе kеrnеl K(q,u) of.

fоllows:
I {  (q ,u )

(all integrals arе takеn ovеr R etс.)

pliсation of symbols:

I
(А  *  B ) (o ,  d  :  

J  
А (q , , t )B ( s ,p )B(q ,p ;  s , t )ds  d t

wherе B(q,p;s,r) - * tr*ffi3
.rhеrе is altothеr ехprеssion foг t lrс пrult ipl iсation of symЬols:

a2 I
(А  *  B ) (q 'p )  :  ехp(  - i h ; t aS )A(q . t )B ( s . , ) l ,= , . ,=n

=*lotn;tffiat
Thе multipliсation of opеratoгs givеs risе to a multi-

io that

From (1.1) rvе har,е

a.4aB '  Uh),  a2Аa2B
А*B:АB-nou,й+tap, aф*

l imА*B:АB
h -0

; 's;(o * B - B * А) -- {А,B}

whеrе {А, B) is thе Poissоn Ьraсkеt. Еqualit iеs (1.2) and (1.3) mеan that

tion thе сorгеspondеnсе pгinс;iрiс: holds.

Similarly wе сonsidет pq-quantization (in monomials p stands bеfoте

L(q,u) of an opетator А i. Ь*p.",,"d in tеrms of its pq.symЬol А(g,p) as

L(q,u): * | oФ,tlffiаt

Thе multipliсation of pq_symЬols is givеn Ьy formulaе:

Г
(А ' ,  B ) (q ,d  :  

J  
A(s ,p )B(q , t )B(s ,p ;  q ' t )ds  d t

: .*p(ihL)Bki ),a(s, p) l
с) tOs  I t=p,s=q

(1  l )

(r .2)

(1  3)

for qp-quanttza-

q) Thе kеrnеl
follows:

э l )
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In this сasе thе сorrеsрondеnсе pl inсiplе (1.2)' (1.3) holds too.
Thеге is a сonnесtion Ьetrvееn pq-symЬol ,4 and qp.symbol А of an opеratoг ,4 (givеn

Ьy , i . .  А -*А ) :  
r

А (q ,p )  :  
I  B ( " ,p ;  q , t )B (q , t )ds  d t

and alsо a сonnесtion Ьеtweеn opеrators ,4 and А1 for whiсh А(q,p) i' qp- and pg-symЬol
rеspесt ivе|у:  L(q,u):  I{(u,_q*2u) '  i .е .  var iaЬ lеs g,u aге t ransfoтmеd Ьy thе matr iх

(i,
Thеrе arе alsо othеr quantizatiorrs: \\,iсk, anti.Wiсk, WЪyl еtс., sее' fоr еxamplе [5]

$2. Berezin quantizаtion

Reсall thе сonсеpt of quantization proposеd Ьy Berеzin, sее [1-5]. Wе shall nоt gil,е

it in its ful l gеnеral ity, Ьut rеstriсt ouгsеlvеs to a rathег simplif iеd vегsion.
Let IVI Ье a sympleсtiс manifold. Thеn C*(I,I) is a Liе algеbгa lvith rеspесt to thс

Poissоn Ьraсkеt {А, B}, A, B с C,"(x,,I).

Qrrantization in thе sс:nsе oГ Bегсzi l l  сonsists of thе fol lowing trvo stерs:
(I) 1.o соnstruсt a farrtilу Аn o| assoсiativе algеЬга,s сontainеd irr С.-(i},/) arrd dеpеnсl

ing on a paгamеter h > 0 (сai lеd thе Planсk сonstant), with a multipl iсation dеnotеd Ь1.
* (deрending on h also). Thеsе algеЬгas must satisfy thе сondit ion.s (a) thгough (d):

l \

;l

( r , ' )  I i r n  t | 1 *  А2 :  А t А z :\ / ,
n  _ t l

(Ь)lЧ it,а, - А, - A,* А') : {А', А|}
(с) thе funсtiоn Аo : I is thе uтtit еlеп.lеnt of еaсh algеbra "4'д:
(d) thе сo l t tp lех сonjrrgаt ion А ** Я i '  un аnt i . i l rvo lut ion o[ anУ Аn;

rvhете thе multipliсatiori on thе right-hand sidе оf (ru ) is thе pointlr,isе multipliсatiоn anсl

сondit iоns (с) and (Ь) togеthеr arе сal lеd tЪe сorrеspondеnсе prinсiplе (CP)
(II) Тo соnstruсt rеpгеsеntations А ** А of thе algеЬras "4д by opеrators in a Hiibеrt

spaсe.
Bегеzin mainly сonsidеrеd thе сasе rvhеn ,&1 is Kd,hlеrian, hеnсе has a сomplе;t struс-

trrге. Тhе funсtions in qrrеstion arе funсtions А(z,2) analytiс on z and z sеparatеly. Ir l

t}ris сasе сorrrplех сonjugatiott гeduсеs to thе pеrmutation of z aпd 2: f (.,,z): f (1,z).

Еoг оttг thеory ц.е shall slightly сhangе somе of thе сonditions aЬor'е: Itamеlv, thе

{aсtоr i iл (2.l) hа,s to Ье orтrittеd, t}rс anti_ir lvolutiоrr is t}iе pегпrrrt:rt ion of ar.gunrеt-tts.

and. f inal ly) lvе givе up thе HilЬеrt Spaсе struсtuге of thе геprеsеntation spaсе.

(2.  l , )

5 l ч
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\

s3 .Pa ra .He rm i t i ansymmеt r i с spaсеso f thе f i r s t сa tеgo ry

Let us rесall somе faсts about sеmisimplе symmеtriс spaсеs G l H. Hете G is a сon.

nесtеd sеmisimplе Liе gгoup with an involutivе automoгphism o f 1. Dеnote by G" thе

subgroup of fiхеd point"s of o. Th",' 11 is an opеn suЬgroup of G". Thеге ехists a Сaгtan

involution т of. G сommuting with o. Let Ii : G' ' Еor Liе groups G',... wе dеnotе

thеiг Liе algebras Ьy thе .o,i",po.,ding smal1 Gothiс. lеttеrs g,. . .. Wе assumе that thе

paiт (я' !) is еffeсti.,*, i.". 6 сonlains nЬ non.tтivial idеals of g. Thе automoтphisms of g

induсеd Ьу o,т arе dеnotеd by thе samе lеttеts o)т, Thеге is a dесomposit ion of g into

d iгесt  sums of  {1,  _1-е igеnspaсes of  o and T| g:  b * q and g:  B*р.

The subspaсе q сan ь" id",,tlfi"d with the tangent spaсе of" GlH at thе point tro : Hr,

it is invariant with respесt to thе adjoint rеpгеsеntations Adg of ,H and adn of 9.

Now assum", i,, ujd.ition, that G l H \s sутnplесtiс. .Thеn I 
has a non-trivial сеntrе

2(6), Foт simpliсity we assumе tЬat e l H is an orЬit 
*9G 

Zg ot al еlеmеnt Zo € g. We

сan assumе that G is simplе. Then tйе statеm ent ', G f H is para-Hетmitian of thе first

сatеgоry,,mеans iьu* 'ь"Ъer*тe Z(b) of n i1onе-dimеnsiona}: Z(и): RZ6, and Zg Сa1

bе noгmalized so йat the opеrator' |, : (ad,Zg)c i. 1.l 
involution. Thеrеfoге, Zo с p О h.

A symplесtl.,t, ' .1'rе on i1н i, dеfined ьy iь" Ьi l inеar form сo(Х,Y) -- B(х,,IY) on

q, *h"i" B(X,У) is thе Ki l l ing form of g.

Thе *1.еig". ' ,ou.", q* с q,of 1 arе Lagrangian, 11-invariant' and irrеduсiЬlе. Thеy

arе AЬеlia,' ,,'ьulg"ьтas of s. So s Ьесomеs a gтadеd Liе algеЬтa:

g :  q  +h+q+( :  s_ r  * sо*s+r ) .

Thе pair (q* , q-) is a Jordan pair [1i] with multipl iсation {XY Z } = }[[х' Y), Z]. Let

r and rc Ье thе rank and thе gеnus of this Jordan pui.. 
-. -- . 1

Sсэt Q* - ехpq*' The subgroups P* : HQ+ : Q+I{ arе пtaхimal paraЬoliс sub-

g гoupso fG ,w i thHasa l еv i suЬg roup .onеhas thе fo l l оw ingdесompos i t i ons :

(3 .1 )

(3 .2)

(3  3)

(3 ,l)

еХpс  . 9  :  eхp  Y  .Ь  еxp € ,

е xpT  . 9  :  exp  X  . h  .  е хp  i .

G:QтET

Q*HK

Q_HK,

rvhеrе bar mеans сlosurе and thе sеts unсlег the Ьar arе opеn and dеnsе in G. Lеt us

сai l (3.1) iЬe Gauss d'есomposit ion and (3.3) the lша'sо'ша-tуpе dесomposit ion. Al lowing

somе slang, lеt us сal l (3.2) thе аnti-Gou,, d'. ' , ,o*posit ion and (3.a) tЬe аnti-Iuаsашсt.tуpе

d,есornposit ion. !.or u, 'Ъl"m"nt in"G al l thтее faсtors in (3.1), (3.2)аnd thе f iтst faсtors in

(3.3), (3.4) arе definеd uniquеly, whегеas thе sесond and thе thiгd faсtoгs in (3.3), (3.a)

a redе f i nеdup toanе l еmеn to f ' KОH.  :  ^  1  ^  r  4 r
Еor g € G lvе dеfirrе thе transformations ( * ( of q- and \ ё \ оf q+ taking ( and q

f гomthеGaussand thеan t i -Gaussdесompos i t i ons :
(3 5)

(3  6)

J / )



on 9 .
Thereforе, G aсts on q_ x q* :

sо that wе oЬtain thе emЬeddinд
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Thesе { and ц arc dеfinеd on opеn and dеnsе sеts in q- and q+ геspесtivеly, dеpеnding

( € '  т)  * (с '  T) .  The stab i l i zer  o|  (0,0)  is  P+ О P- :  H,
(dеfinеd on an opеn dеnse set)

q_ Х q+ "--+ GlH. (3 i)

Wе may rеgard ( €, т) u' сoordinatеs io G l H '
Thе сonnесtion Ьеtlvееn thе Gauss and thе anti.Gauss deсompositions givеs uS an

opеrator and a funсtion, both vеry important (sее (3.9), (3.10) bеlow). Lеt { €  Ч_ ,,\ С q+.
Dесomposе thе anti-Gauss produсt eхp € 'ехр(_т) aссoгding tо thе Gauss dесompоsit ion:

еxp € . е xp (_т )  _  еxpY  . h .  еxpХ .

Dеnote this h Ьy A((, ry). on q+ dеfine the opеratoг

(3 .8 )

I i (С. ,ц):  Adh( € ,  ry)- ' l c* (3.9)

whiсh is thе analogue of the Bегgman transfoгm foг Hеrmitian symmetriс spaсеs. In tеrms
of Jordan pairs it bесomеs:

I i (( ,q)T -  T _z{q €T} + {ry{ € r (}ry}

Undсг thе aсtion oГ c thе opеrator Ii( € 'n) is transformеd as fol lorvs:

I i  (с ,  f l )  :  (Adh- l  )  n+ I{ ({ ,1)(Adй)n* '

whеrе Ь and A aге takеn from (3.5) and (3.6).
Thс:  f r rnсt ion drt1 i (( ,т)  i s  a po lynoпr ia l  i ' .  4 'T.  N1orеovеr,  dеt1{({,т)  :  t ( € , l ) " '

whеге Л({' ry) is art irгеduсiЬlе pоlynoпrial in { and 17 оf dеgrее r in ( and 17 sеparatеlv

[ i1] .  In v iе lд,of  (3.7)  thе funсt ion

b( € , , t ) :  [dе t  I i ( € ,ф1_ '  (3 .10 )

сan Ьe rеgardеd as a funсtion on G l H , beсoming an analog of thе Bеrgman kеrnеl. It is
invariant with rеspеct to H.

A point r tn Gl H С g with сoordinatеs {,1 is

x:Zo-X+Z+Y

whеrе  Х  с  q - ,Y  с  q+ aте  g i vеn  by  (3 .8 ) ,  Z  : | € , Y ] : | ' l , X ]  € b ,  and  fo r  Х ,И  wе  havе
еquations X : €  + АX,\, : -\ - АY, whеrе /: (1l2)ad[ € '  ry], lvhiсh al lolv to f ind Х, У
by mеans of itеrations:

X  :  (Е  _ ,4 ) - ' с ,  Y  :  _ (E  *  А ) - , ц

I,еt us wгitе a G-inl.arialtt mеtriс ds2, sупrplесtiс foгm (,' mеast].Ie dr on GlH. Take
a bas is  Et , ,  . ' ,  E* o|  q-  in  suсh a Way that  B(E; ,тЕ1) :5; i .  . Ihеn F;  :  тE;  form a bas is
of q+. Lеt {; and ry; Ье thе сoordirratеs o[ { €  q- and T €  q+ in thеsе Ьasеs. Thеn thе
dеsirеd mеtriс' form arrd mеasurе arе:

3 t 6

ds2 : zLь'' (с,ц)d €;d,l i (3 .11 )
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a :2Е *' ,(с,  ц)d € ;  ̂  dry i
dr : lb((,' l)ld € ' '  . . d €^d,t' . . . dry^

whеге kij are thе еntriеs of I{((,r7)-1. Thе funсtion F( € ,,t) :thе mеtriс:

(3 .1  2)

(3 .13)
ln 6((, ry) is thе potentiai of

2kij - a2F
0€;0тli.

Thе likenеss of (3.1i) and (3.12) rеflесts thе faсt that

3 : s .g l

j : s . z (g ) .

GIH- tSx ,S

GIH has thе struсturе of a

aIе сompaсt manifolds,

(3 .15)

(3  16)

(3 .17)

(3 .  18)

(s - ,  s+)  i s
х S+. Thе

(3 .1e)

(3 20)

(3 .21)

з77

diffеomorphiс to еaсh othеr Ьy thе follo*i.,g;".;;o;l;."'

soЁ *.* sIk, k € I{, ( 3 .14 )
whеre sI  :  P-e,s_ -  P*е,so:  (1(  nH)е aге thе Ьas i

; ;::*,;: ::ж:i : :1i.' .: { f i} r; 3j : ff :*'j ч.;:::.: ff Е $ ;
d Lon J- vr

posrt lons:

-"*l"]o ovеr thе algеЬra D^' {r *. jу,r , 'У €  R, j ,  :  1}.The сosеt  Spaсеs S+: GlP- ,  S . :  ё1Ъi , , "  s : - i i l к  nн

kg :  eхpY,  .Ь ,  .ъ ,

Ag  :  
"хp  X '  .Ь ,  . i .

"n a i,,; ;.;;; ;# ; ;;;', i" ",'.,l,",.. J ; j,tr ffi ;.:*: H;'hl ;,-_ й, .6 : 5 0 д,

Thе group G aсts on S_ x S+ in a natuгal way. Thе stabil izеr of thе point11 again, so that we oЬtain thе following equivariant еmbed dtng G l H.--+ S-idеntif iсation (3.14) gives гisе to thе еquivariant еmЬеddins

Sеt

thеn

whеrеGaс t sonSxSbу
Dеnotе it Ьy Г). Thus, S
S x S, seе [9j. Notе that
.9.

Thе spaсеs Ч_ and o+

(s,l) -+ (s,f). тье imagе of (3.19) is a singlе open densе oгbit.
1S is a сompaсtif iсation of GlH..For thе G-orЬit struсturе ofG f H сan bе rеprеsеntеd as the tangent bundlе of thе manifold

сan Ьe еmЬеdded in S:

4  - '  , o . eХР4 ,  ?  l .+  s0 . eхpт ( z7 ) ,

whеге € с q_ , \ € q * , sее (3 .17 ) , ( 3 .18 ) ,w i t hopendеnsе imagеs ;  
t husе i t hе r € o . ? сanbесonsideгеd as a сoordinatе systеm on S. in thЪsе сoordinatеs lеt us wгitе a 1i-invariantmеasulе ds on S:

b({,' т ()d(

b(тц,  ц)dц,
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Wе now dеfinе an important funсtion ||s, f || on S x S. Еor s, t с S take k", kt so that

s:  s0k",  t :  so lс t ,  and apply to k,k ,\  thе Gauss deсomposi t ion:

l , , k , '  _ехpY,h .  eхpХ.  (3 .22)

It tuтns out that det(Adh)q+ dеpеnds only on s,f, Ьut not on thе сhoiсе of A,,ki. Wе sеt

| |s ,  t | |  :  I  dеt (Adh)q *| - ' /^, (3 .23)

whеre 6 is taken irom (3.22). Formula (3.23) definеs ||s, l|| on an opеn dеnsе suЬsеt of

.S х S. This funсtion is сontinuous, symmеtriс and invariant with rеspесt to thе diagonal

aсtion of 1{. It сan Ье еxpandеd on thе wholе S x S, kееping al1 thеse pтopетtiеs.

In tеrms of this funсtion, wе сal l rеrvrite (3.17) as fol lows:

dr:  dr(s , t )  :  l l s ,  t l l - 'dsd, t ,

whеrе r ** (s,t) by (3.19). Thе orbit 0 is сharaсtеrizеd by thе сondit ion ||s, t|| + 0.

Thе following taЬle сontains thе list of simplе symmеtriс Lie algеЬras sl0 that сor.

rеspond to para-Hermitian symmеtriс spaсеs GlH with G simplе, seе [10]. Hеrе G,nG')

dеnotеs thе Grassmann manifold of p-planеs in lЕ', wherе ]Г: IR or t{; ,S--1 is thе sphеrе

in R'-; &(c) denotеs thе oсtonion projeсtivе plane; n: p *g. For aеsthеtiс теasons wе

dеnotе Liе algеbгas Ьy сapital Latin lеttеrs instеad of small Gothiс onеs.

a
L
t) s

DL{ .n '  ] к , S L(p,к) + Sr(q, R') + R Grn(R)

SU-(2n) SU-(2p)*SL l - (2q)  *к Gro(ffi)

SL/ (n ,n ) S L(n ,с )  + R u (")
SО- (4n) SU.(2n)  *  R Lr(2n)lSp(n)
SО(n ,n ) S  L ( ' n ,R )  +  R ,so(n)
SО(p ,  q ) SО(p_1 ,q_1)  +R (sr-t x so-r) lzz
,Sp(n, R) S L(n ,R)  + R t] (n) lО(n)
Sp(n ,n ) SU . (2n)  *  R 5p\n)

Ев$) ^9O(5,5)  + R Grz(H)lzz
Ев(-,u] so(1,9) + R &(Ф)
Етrтl Е6161 * R SU(в) lSe(4) .z ,

Е,(_z'] Еоr-zо) * R S' . Е6f F4

$4. Repгesentations induсed fгom Pt

Foг д € C, lеt с..,, Ье thе сhaгaсtет of f1:

' , (h ) :  I  dе t (Ad  h )o+1- t " /^

Wе rеstriсt ouгsеlvеs to suсh сharaсters o| H, for simpliсity. Еxtеnd u, to thе сharaсter

of P*, sеtting it equal to 1 on Q*. Сonsidеr thе rеpгеsеntations of G aсting on C*(^9):

Ttr
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spaсes and with diffеrеnt dеgree of сomplеtеnеss (for гeferenсеs' sее' foг еxample, [16]).

$5. Supеrсomplеte systеms and symbols

Lеt us сonstruсt a quantization on GlII (a symЬol сalсulus). Thе main rolе bеlongs
to the kеrnel of thе intеrtrvining opеrator fгom $4, i.е., to thе funсtion

Ф1( s )  =  Ф ( s , t )  :  | | s , f | | p ;

this funсtion is an analog of Bеrеzin's superсomplеtе system. Thе funсtion Ф1 has the
rеproduсing pгopеrty (whiсh is formula (4.1) wтittеn in another form):

р ( s )  =

^ Lеt.4 bе an operatoт aсting on funсtions on S. Dеfine t|le сoaаriаnt sуmbol А(s,f) of
А as follows:

In morе

we  usе  (3 .15) '  (3 .16 )
wеll dеfinеd Ьесausе
сonnесtеd Ьу т: T;
are equivalеnt.

Lеt (9, ф) Ье thе

(А,p)( ' )

thе intеgral сonvеrgеs aЬsolutеly for
mегomorphiс funсtion. This opеratoг

(T,' (g)p)(') : с.:,(h')сp(э), gIk)ф@ : ,,( i i ,)p(з)

and  pu t  s :  soЁ ,3 :  sO f , , 3 : ,o i ;  no tе  tha t  ' u (Ь ' )  and  сэ , ( i ; l )
u,(l) :1 foг / € 1{ п -H. Еor the samе р,, the rеprеsеntations ff: T* o т' so that if т is an innег automoтphism, thеn 7,+ and

inneг produсt L2  (S ) :

aгe
arе
T;

(p,ф) : J,v!)Ф(')d,',
foг d',, seе (3.20)' (3.21). This Hermitian form is G-invariant for thе pairs
(Ti,тto'; and (T;,T-р-)'therefoгe, for Rедr - _Kl2, the rеprеsеntations Tj u,.
unitarizablе, and wе obtain two continuous series of unitary rеpгеsеntations.

In a geneгiс сasе' Tf, are irгеduсiЬlе: the rеduсiЬility is possiЬlе only foг rea| р satis-
fying somе intеgrality сonditions. Therеfoгe thе reprеsеntations of thе сontinuous sегiеs
arе irrеduсiЬlе for Irr,р' l0.

on C-(S) define the opеratoг

: 
/,

R"p
intеr

l ls,tll-P-.,p(t)dt;

(  - r c *

twinеs 7,f
1 and is еxtеndеd on д-planе as a
with Ц,-^:

Moreoveг,

whеrе .Е is thе identity
The геpresеntations

АuTt : T!u-*А,

А_l , -*Аl"  :  c(p)-I  E

opеratoг and с(p) is a
7,* (dege',еratе seгiеs

(4 .1 )

mеromorphiс funсtion.
rеprеsеntations) wеrе studiеd for sеpaгatе

"(н) |, , ,
.Р(3)ffjdx4,i)
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А( . s . l )  _  (АФ t ) ( s )
o l o ) -  

Ф ( s , t )

Wе сan геgard it as a funсtion,4(r) on GlH, using (3.19). Thе opеrator is reсovеrеd by

its сovariant symЬol:

(дp)(,) = с0i !,*,o(,,;lffi 't3)dr(s,i)' (5.1)

Thе idеntity opeгator has 1 as its s^vmЬol. Thе multipliсation of opеratoгs givеs risе to

thе multipliсation of thе symЬols: А,А,: (A;А2), whегe

(А1 *  А2)(s  ,О:  [^  ̂ A , ( , , i1 l ,1s , t )B(s , t ;3 , i )dx(з , i ) ,  (5 .2)
Jsx  S

B(s,t;  s, i )  :  сQl,)
o(s, i)0(з, t)
Ф(s, t)Ф(3, i )

Lеt us сall this kеrnеl |he Berezin kernel'

orr thе othеr hand, lеt А(s,l) Ье a funсtion on ,S x ,S. It givs risе to an opeгator А

by thе formula

(дy)(,) :,0i !,*, А,,,r)ffiи фdx(s,i)
(it diffеrs from (5.1) in the f irst aгgumеnt of А only). ' Lеt us сal l thе funсtion аi ' ,t;

tЬ'e contrаuаriаnt sуmbol of thе opеrator l.. Thu., we havе a сhain of сorrеspondеnсеs:

А -. А -. А. Thеir сomposition 6, сallеd Lhe Bеrezin trаnsforrn, links thе сontra- and

сovaгiant symЬols by mеans of thе samе Bеrеzin kеrnеl:

А(s, i l :  I  Bft , t;3,DАG,, i1а'1з, i1.
J sх  s

Thus, wе havе a mеthod for сonstгuсting a family of algeЬras Аь: tЬeУ сonsist of thе

сovariant symbols A(s,t): A(r) of opеratoгs from^somе сlass, thе multipl iсation * in

.4ь is giu",' Ьy (5.2), thе rеpгеsеntations aтe А ,. А. Еoг thе Planсk сonstant wе takе

ь : _dlp whеrе d depеnds oп normalizations of mеasurеs, mеtriсs, еtс.

Dеfine thе Ьi i inеar form Fu(Р,ф) o" C-(.9) b5, setting

F,(Р,ф) = (А,p, Ф) :  I  l l , , , l l - ,_ "4Q)ф(t)d,sdt.
J S

Let А| Ье thе opегator сonjugatеd to an opеrator А with rеspeсt to this

form: F,(Аp,ф) : F,(p, А,ф)' Thеn theiг symЬols arе сonnесtеd Ьy the transposit ion

of thе argumеnts: A,(s,,t) : А(t,s). Thе map А ,-- A'сhangеs thе ordеr of thе faсtors in

thе prodirсt (5.2): (fu* A2y : А,z* А,' '  so it is an anti- involution of anу Аь. In ordеr

that СP bе in agrееmеnt with this anti- involution, wе must omit thе faсtor i : уt_1in

foгmula (2 1) .
вy (з.tэ) the Bеrеzin kеrnеl сan Ье геgaгdеd as a funсtion B(r, i) on GlH х GlH.

I. ' .oo,dinatеs {'r1, it сan be writtеn in tеrms of thе funсtion (3.10):

б| , ' ,  b({ , f r )ь( € , \ )  r t ' /*
b \ I  , I ) :  с \ l 1  )  l  ' ; - - - ; - -  .  l

o( ( 'T )o t ( 'TJ
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whеrе ({,ry) * ',( € ,ф r.+ й aссoгdingly to (3.7). In paгtiсular (rесal l that z0 : Hе \s

thе Ьasiс point of G l II):
B ( l ,  r o )  :  с (д ) l 6 ({ ,  ф| r l  " .

The kеrnеl of an intеrtwining opеrator dеpends on a rеalization of a теprеsеntatiоn.

If wе usе thе сooгdinatеs {,ry. tйеn wе must takе thе funсtion Ф(1,т) : lt(с,,11-ul",, tл

diтесt analogy with the Hеrmitian сasе.

$6. Tensor produсts

Рor p € R thе tеnsoг pгoduсt

Rr":T-*-^8T!,"-*

aсting on C-(S x S) has thе following invaгiant Hеrmitian form:

Е,,(Pt ,?z):  aн) !  ч, ,Q,t) ,p,(з j)  ( l l ' , ; l |  . l l .q , t l l ) ,  d,"d ' td3di .

Thе геprеsentation.R* togetheг with Е,,of G in C-(S х S) сan Ье сonsidеrеd as an

analog of thе сanoniсal rеprеsеntation from [18].
Let us rеstriсt this rеprеsеntatiоn to thе spaсе D(гl) (thе Spaсе of C--funсtions on Q

with сompaсt support). An opегatoг Р * f on D(o) dеfinеd by

, Г t , ,  t )  :  P ( s ,  t )  | | s ,  / | | ,+"

takеs thе rеpгеsеntat\onT-,_"8T!,_^ of G in thе rеprеsentatiоn U of G in 2(Гl) Ьу

tтans lat ions (sеe (3.17),  (з . r ,в;; .

L t (g ) f  ( ' , t )  :  f  ( t  '  g , t  '  ' ( g ) )  ,

and thе Hегmitian form Е," in thе }Iетmitian foгm ,Е, with thе Bеrеzin kеrnеl (lеt us сall

Д, t}rе Bеrеzin foт'm):

Еu(f,, f,) : I f,G,ц1,цз,Г1в1s, t;. i , i1d'1',t) dr(s,i), (6 1)

or '  in  tеrms of  GlH:

( r tQ) f ) ( , )  :  f ( "g) ,
Г -

E,( f  , ,  f r )  :  J  f r@)fd i )B(r , r )  dr  dr .

Thus, rve oЬtain a densеly dеfir iеd G-invaтiant Hеrmitian form E, on L,(GlII\ (rvith

DGlrI) as t}rе domain). T}rе intеgral (6.1), оr (6.2), соnvегgеs aЬsolutеly for Rедr > _1

and is understоod as t lrе analуtiс сontinuation for other д's .

\\/е сarr rеgaгd B(r,ro) as a /1_invaтiant distгiЬutiorl oтl Gf H. Supposе that rvе

stlссееd eхрanding B(r,ro) in tеrms of sphеriсal funсtions (distr iЬutiоns) on G/H' This

is еquivalеnt to wгit i lrg a Planсhегеl foгmulafor Е,. Then Wе сan wгitе еxprеssions of Еu

in tеrms of  Laplaсе opЪrators At , . . . ,A" .  Th is  g ivеs us informat ion aЬout thе Ьеhaviouг

of Eu as p.-+ _оо, and wе сan say whethеr СP is tгuе.

(6  2)
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The rеprеsеntation l?* on С-(s x S) is еquivalеnt to thе rеplеsеntation Lr fot р,

suff iсiеntly nеar to р: _кf2' Еor othеr p thс dесomposit ion oГ,B, сontains addit ional

tеrms so that thе spaсе C-(s x 5') nееds Somе ' 'сomplеtiоn' ' to сontain an oгti lоgоnal

dесomposit ion with rеspесt Lo Е,,.

$7. Еxamplеs

(rz) Thе hypеrboioid оf onе shееt (thе imaginaтy Lobaсhеvsky planе) G l H, whеге

G: SL(2,R),  f f  :  GL(\ ,R) ,  sее [13].  Thе L iе a lgеbгa g соns is ts  of  теa l  2 х 2 matr iсеs

with the zеro traсе. Lеt Zo = d\a1{Il2,-1l2\' Thеn -Е сonsists of diagonal matriсеs'

t l :  Z (п )  _  RZo ,

- {(oo :1\ с
Thе spaсе G f II consists of matгiсеs

satisf1,ing t}rе сondit ion dеt r :

rzlJz * z3y3. Then thе сondit ion

thе hypеrЬoloid of onе shеet.
Thе gтоup G aсts on G l I-I

tгans{ormations:

( i  1 )

l inear form [r, у] : _"tу ' '  l

,  i .e. '  eхaсt ly thе еquation оf

Ь-v z ** g_\rg and on q- and q+ Ьy fтaсtional lirrеaг

s))'.:{(33)}
L (  13  ' ' - " )
2 \ _ л 1  _ " r 2  _ I 3  

/

_| l4.  In IR3,  dеf inе a Ь i
dе t  r  :  - I l a  i s  | r , x l  :  1

с,*ffi,\эж,':(;
Thс  е rnЬеdd i l r g  (3 .7 )  i s

'  d r уd r2  2d (dq
o J : -  t - - - - : 7 ,  

- - ;  
u :

I т з l  ( t  -  ( r y / .

a \
| J  

| с Г ]

Я  ,  -  - .

Thе manifold S is thе unit сirсlе lul : 1 in с For this еxamplе it is сonvеniеnt to

takе thе еmЬedding (3.19) as fo l lоws: r  ++ (u, , ) , l " l  :  |u|  :  1,  whеге

.  r z * z I t
u : , , o :Э# .u : " i 0 :

r t t z

1+ €T
| _ с \

- ^  J -  i т ^

J , L  -  L

( l tor t 'o ,  p are not  thе еntr iеs o|  ф, . rhе aсt ion of  an е lеmеnt of  G oл u,u is  a f raсt iona l

l inеaт fttnсtion from St/(i '  1), thе samе for both u, u.

Lеt rrs takе thе IТ}easulе d'l: and thе Laplaсе-Bеltгami opеrator Ь on G f II as fоllolvs

dо dp
1_сos (a -p ) ,

-  o  [ )2  ' \ \  02
A :  (1 -  € ц) ,б{Й -  _2( l  _  сos(a _ B))  a"  ap

Let LI Ье thе unitary rеpгеsеntation of G oтl L2 (G l H) ьу transiations (thе qrrasirеgrrlaг

геprеsеntation). It deсomposеs into iгrеduсiЬle unitaгу геprеsеntatiоns of thгее sеriеs: tht:

сontinuous sегiеs ."1,,"," ',tutions To, o : _*| iu, u > 0, with multiрl iсity 2, and thс
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disсrеtе SегiеS гсргеSеntat ions 7,,+, n : 01|,2,. .

[12]. Сoггеspondingly, L,(G l  H) deсomposеs into

L,GlH)_LLo)+Lв
Lеt us writе out thе expгеssions for thе Bеrеzin

of  A:

., rvith multipl iсity 1, sсе, for instanсс,
thе dirесt sum of fouг suЬspaсеs:

+LI+Lj .
transform on thеsе suЬspaсеs in tетms

ott i! '),
Г(_p)Г(_  р  _  I ) sin p'т

Г (_ l ,+o )Г ( -p_o_1 ) r *
L d t

г (_p ) г (_  p  _  1 )

should Ье сonsidегеd as funсtions of A : o(o * 1). ror I}

B-Е-lд (д*_-).
11

Thus' СP holds for thе disсгеtе spесtгum and doеs not hold foт thе сontinuous spесt ium.
As to algеbras with thе mult ipl iсat ion (5.2), Wе сan takе as suсh thе suЬspaсеs of L! or
1,J сonsisting of 1{-finite vесtoгs. Thеy havе no idеntity еlеmеnt'

( Ь )  Thе  spa се  G lH ,  whе ге  G :  S L (n ,R ) , f l  :  GL (n  -  1 ,R ) , n }  З .  I I е r е  i t  i s  mo r с
сonvеniеnt to сonsidеr GlII as thе oгЬit o{ thе matтix r0 : diag{O,. .  .  ,0, 1} undеr thе
aсtion r ,-. g-|rg of G. Thеn G f H сonsists of matriсеs r of rank onе and traсе onе. This
Spaсe has rarrk т : I and genus K: n. Tlrе spaсеs of еxamplеs (a) aird (6) ехhaust a1l
para_Hегmitian s5rmmеtriс spaсеs of гank onе up to thе сovеring.

Thе staЬi l izer H of r0 сonsists of matr iсes diag{с,Ь} where а С GL(n - 1,R), ь -

( dе t  a ) _1 .
Thе subalgеЬras q_ and q+ сonsist of matr iсеs of thе foгm (7.1), и' l tеге ( is thе rоlт

( € ' , . .  . , € n _ t )  and  r y  i s  t h е  с o l umn  ( 4 ' , . .  . , \ n - . ! )  f r оm  R ' _1 .  Thе  еmЬеdd i ng  ( 3 . 7 )  i s

(_nс-4\- -1- f t \  
4  I  )

Irr thеsе сoordinatеs on G f H, thе Laplaсе-Bеltrami opеratoг is:

B-

B_

whеrе thе right.hand sidеs
and ,LJ wе oЬtain:

whеrе  l ,  s  €  STL_L 1  ( t ,  ' )  +
Еuсl idеan mеasurе on S'- l

Г( -д  +  o )Г (_p  -  o  _  1 )  .  s i n  pт  *  ( -1 ) .  s i n  oz г

^,. o -
l ' : h :  l -. ,  ' ' ,  0 € t0ц ,

Fo r  r , y  с  R 'wе  wг i t е  ( ' , у )  - -  I f l t * . . . * rnУn  and  | r |  :  
; t " ,Ф .Thе  man i f o l с l

S is  thе uni t  sphere S"_1 :  |s|  :  1 in R 'wi th thе ident i f i сat ion of  po ints  s  and -s ,  i .е . ,
S is  thе (n _ 1) .d imеns ional  геa l  prоjесt ivе spaсе.  \ !Ъ havе ||s ' t l |  :  | ( , ' t ) l .  Any matr iх
r с G lH сan be writtеn as

t 's-  (r , .) '
0' thе pгimе dеttotеs matr iх
The follorving mеasurе dr on

tгanspоsit ion. I,еt d.s Ье thс
G lH \s G-invariant:

383
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Thе supегсomplеtе systеш is  Ф(s, l )  :  l ( , , f ) l , .  I l t  tеrms ot  GlH thе Bеrеz in kеrnс l  i s :

B  ( r ,  i )  :  сU l ) | t г ( r ; )  |* ,

whеrе

( , - , ,  -  o * .  ,  n ,  n 7 T ' . ) - l
, (Й  :  12"* '*"_ ,Г ( -р '  -  n  * l )Г (д  *  1) [сos(д  + ^ )т  _сos  ^ ]  }\ '  /  t  /  \ " L  2 ' ,  2 ' )

Thе quasiregular rеprеsеntation [/ of G on G f II deсomposеs into irreduсiЬlе unitaг1-
rеpгesеntations of two seriеs: thе сontinuous sеriеs rеpresentatiоns }'., o: (Il2)(1-n)*
iu,u )  0,6 :  0,1,  and thе d isсrеte sеr iеs геpгеsеntat ions }1-;  ,o(-)  - -  ( I l2)(2 -  n)  +
m.m:0 ,1 ,2 , . . . ;  a l l  l v i t h  mu l t i p l i с i t y  1 ,  sее  [ r4 ] '  [15 ] ,  [8 ] .  Lе t  us  wr i t е  thе  еxргеss i ons
of thе Bеrеzin foгm (рr < (1 _ 

")l2) 
in tеrms of A:

B-

B-

Г(_р '  +  o )Г (_р '  _  o  _  n  *  | )  .  сospт  *  (_1) .  сosoт

Г ( -р )Г ( -p_n* | )  сo sдт}1
(n  odd) ,

Г ( -p )Г (_р -n*1 ) sin pт

Thе right.hand sidеs should bе геgardеd as funсtions of Ь' : o(o * n - 1). In both
formulaе thе f irst fraсtion Ьеhaves as 1_ p_1^ whеn 11 .-+ _ф. It is just what we nееd
for СP. In thе sесond fraсtions, thе tеrm wittr (_1). disappеars on thе disсrеte spесtгuпt
for n еvеn' So wе havе CP on thе disсrеtе spесtгum for n еvеn.

\\Ъ сan urritе Ьoth formulaе abovе

Г(+)Г("Р)
Г(_Ё)Г(1д)

I..or thе dесomposit ion of tеnsoг produсt ,R, aсting on С-(S Х,s), sее [6,7]. Еoг

р > ?n +I)12 addit ionаi rеprеsеntations aсt on distгiЬutions on .9 х S сonсеntгatеd
оn thс Ьoundaгy Г of o. T}ris aсtion is diagonalizablе (thе сoтгеsponding rеprеsеntatiоlL
dесomposеs into thе dirесt surn of iггеduсiblе rеprеsеntations). In gеnеral, thе appeaгanсе

of reprеsеntations aсting olr distriЬutions сonсеntratеd on manifoids of iowеr dimеnsion

is onе of the intriguing phenomеna in haгmoniс analysis.
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